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Abstract 

We present a general method for constructing supergravity solutions for in- 
tersecting branes. The solutions are written in terms of a single function, 
which is the solution to a nonlinear differential equation. We illustrate this 
procedure in detail for the case of M2-branes ending on M5-branes. We also 
present supergravity solutions for strings ending on Dp-branes. Unlike previ- 
ous results in the literature, these branes are completely localized. 
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I. INTRODUCTION 



Supergravity solutions representing D-branes, NS 5-branes, and M-branes have been 
known for a long time now It is also known that strings can end on D-branes |2j 
and branes can end on other branes ||. However, supergravity solutions representing such 
intersecting objects are, by and large, unknown. 

Previous work in the literature has mostly focused on cases where one of the branes is 
delocalized in some direction There are only a few cases where all the branes have 

been localized |j|-|nj, but these appear to be found on a case by case basis. 

In this paper, we will provide a completely general method for finding supergravity 



solutions representing intersecting branes. This is based on the method introduced by [15 



(See also [16|]). Using this approach, which we describe in more detail below, we are able 
to write the solution in terms of the solution to a single nonlinear differential equation. 
Unfortunately, we have been unable to find explicit solutions of this differential equation. 
Nevertheless, we regard this as a solution in principle, and it is far simpler than attempting 
to solve the coupled Maxwell-Einstein equations. 

The idea in this approach is to use the supersymmetry equations (the equations for 
conserved Killing spinors) as linear equations determining the field strengths in terms of the 
metric. This enables us to write all the fields in terms of the parameters of the metric. 

It is then straightforward to substitute these expressions into the equations of motion. 
By the miracle of supersymmetry, we find that all the equations of motion simplify into a 
few simple equations. All the parameters can then be determined in terms of one function, 
which is in turn a solution to a nonlinear differential equation. Although we have been 
unable to find explicit solutions to this nonlinear equation, nevertheless, we emphasize that 
the solution is completely determined in principle by this differential equation. 

We carry out these steps in great detail for the case of M2-branes ending on M5-branes. 
This method can be easily generalized to all other systems of intersecting branes in M- 
theory and string theory, and as a further example, we present solutions for strings ending 
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on Dp-branes. Finally, we list several open problems. 



II. M2-BRANES ENDING ON M5-BRANES 



A. Setup 



The notation will be as follows. Indices with a tilde over them will denote curved (world) 
indices, and indices without a tilde will be tangent indices. 

The M5-brane is oriented along the directions xq (time), x\, X2, £3, X4, x$. The M2-brane 
is oriented along the directions xq, x±, xq. Indices (2, 3, 4, 5) will be labeled by a, b, . . ., and 
indices (7, 8, 9, 10) will be labeled a, (3, 

(3) (3) 

The M5-brane and M2-brane act as sources for a a ^ and a 016 respectively. Correspond- 
ingly, we expect the field strengths fa^s, fap-ya, /a/3 7 6, and f 01a6 , f 016a to be nonzero. Further- 
more, the M2 brane acts as a source for the U(l) field on the worldvolume of the M5-brane. 
If the worldvolume field strength is denoted by h, then hoi a and h a bc are nonzero. This field 
acts as a source for a^ c and o^ . Correspondingly, we also expect f 01aa , and / 2 345, fabce, fabca 
to be nonzero. 

Also, since d a X 6 is nonzero on the M5 brane worldvolume, we expect g a % to be nonzero. 
The nonzero components of the field strengths will be denoted 

FafS'yS -i F a [3y a , -fa/376 1 Goia6) Goi aa , Goifa] -^2345) H a b c 6, H a b ca 

We have chosen a notation where different components of the field strength are denoted by 
F, G, or H depending on the indices. 



The symmetry further dictates that (U 





(1) 
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B. The Equations for Supersymmetry 



We can now analyse the equation for conserved supercharges 

<% = d,e - \uf lab + ^g(7f 75 - 8^V^)/o^e = (2) 
These equations are rather cumbersome. For example, for \x = 1, we have 

(F 789a7 789a + F 7810a7 7810a + F 7910a7 7910a + F 8910a7 8910 «) e 

2 / JP -,7896 , p -,78106 , p -,79106 , 77 -,89106 
-jo V^7896 7 + -T78106 7 + -^79106 7 + ^89106 7 

1 ( U -, 2 34a j_ rr „,235a , rr -,245a , rr -,345a 
-— ^ 234a 7 + -"235a 7 + -"245a 7 + -"345a 7 

% ( U o,2346 , tt ,2356 , rr ,,,2456 , tt -,3456 \ c 
(^-"23467 + -"23567 + -"24567 + -"34567 J C 

+ ^ (Goiaa7 01aa + G'oi a 67 01a6 + Go^ 16 ") ^ = (3) 

All indices above are tangent space indices; we have defined u bc = e£uj b ^. 

To simplify the problem, we note that since we are looking for BPS solutions, we expect 
to be able to superpose them. In this case, we should be able to superpose M2 branes with 
arbitrary coordinates in the directions x a . We can therefore separate the SUSY equations 
into terms which are even in x a , and terms which are odd in x a . These equations should 
be separately satisfied. The terms involving a d a clearly produces a term odd in x a , while 
c?6, d a produce terms even in x a . 

In addition, we will take the ansatz for the spinor to be 

e=(0u)*eo (4) 



where eo is a constant spinor. This ansatz is justified in [17 . 
The parts of the equations odd in x 4 are 

1, , 14 -, r if % U -,235a % tt -,2356 , % n -,014a , * n 0146^ 
-0J l 7 4f + I ——-"235a 7 "^^"23567 + g<^014a 7 + -tr 1467 U 

1 ' - ,7894 | 77 -,78104 , t? -,79104 , t? -,89104 



— (F 78947 — + F 78104 7 ' 8iU4 + F 791047 ' yiU4 + i 71 89i04 7 syiU4 J e = 



1 /, ,54 , , i ( ^ tt „,235a , * tt ^,2356 * ^ „ ; 014a ^ n ^0146^^ n 

-(a> 5 - u 1 )7 4 e + I -H 235a j + -#23567 - ^^oi4a7 - ^01467 I e = 

\ ( W f* 74 + W f 7467 6) + (^ 235a 7 235a + ^23567 2356 ) 6 

(-^ 014a 7 014a - ^ 0146 7° 146 - ^89i047 89104 ) e = (5) 
^ - Wl ") 74 e - ^ 6 4c W + (^ 2356 7 2356 - ^ 014Q 7° 14a ) e = 

"^ 7 64 7764 + (^01477° 147 + ^23577 2357 - ^891047 891 ° 4 ) e = 

The parts of the equations even in all x a are 

, , 16 ~, I ^ r» ^,016a * rr „,2345 * 771 „,7891o\ . 

2 W i 7ee + ^1 7«e + I -G i 6 a7 - yjj ^23457 - ^789107 ) e 

— (-^7896 7 7896 + -^78106 7 781 ° 6 + -^79106 7 791 ° 6 + ^891067 891 ° 6 ) e = 
1/ ,56 , ,16\ . r | *-(,J>a , ,la\„. ^ , Z' * rr ^,2345 ^ r< ^,016o\ ^ n 

2 ( w 5 - ^i )7ee + 2 ^5 ~~ w i )7«e + I -#23457 - g<^oi6a7 J e = 

1 /, ,6a , ,la\„. 1 * / 171 ^,7896 , 771 ,,,78106 , 771 ^,79106 , 77. ^,89106 \ r n (R\ 
-{U 6 -U) x ) 7a e + - (^78967 +-T 78106 7 +-^79106 7 +^891067 J 6 = (6) 

,17 , ,87\ , ,. , 1 r< „,0167,. ^771 „,89106^ n 

-{u) l - u s ) 77 e + -G i677 e- -|^89i067 e = 

These equations should preserve one quarter of the supersymmetries. In other words, 
each equation should be proportional to a linear combination of P^o and i^O; where P^o = 
P 2 £o = and Pi, P 2 are projection operators. 

A glance at the equations (||) and (||) shows that the only possible choice of projection 
operators is (upto signs) 

P l£o = (1 + .7 67891 °)6 = 

P 2 e = (1 + *7° 16 )eo = (7) 

With these projection operators, we can reduce the matrix equations @ and (@) to a set 
of algebraic equations. We will treat these algebraic equations as equations determinining 
the various field strengths as functions of the spin connections (and thereby implicitly as 
functions of the metric.) 

The equations for the field strengths are then 
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Goi64 = 4< + 2wf (8) 

Goier = 2w\ 7 - 2wf (9) 

G0147 = 2< (10) 

^2356 = 4< + 2< (11) 

#2357 = ~2wf (12) 

#2345 = 2wf - 2w^ (13) 

F 48910 = -2wf (14) 

F 78910 = -2wf - < (15) 

F 68910 = 4wf + 2^ (16) 

In addition, we get the constraints 

w! 6 + wf + w? 6 = (17) 

wl 8 + wf + w 78 = (18) 

w{ 4 + + w 74 = (19) 

«,f = w f = - w f (20) 

+ 2w 47 = (21) 

wf = 2wf + 2^ (22) 

In all the equations above, all the indices are tangent space indices; we have defined 

We can solve all the constraints above by the metric ansatz 

e 6 = e ii = A'siTs 

e 2 2 = % = e 4 4 = e 55 = As #4 

i i 



e 6§ = \~m (23) 



e 77 ~~ e 88 ~~ e 99 ~~ e 1010 ~~ \ 6 H 3 

e 6 a = 4> a e 6 e 
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with the constraint 

d % (H<p a )=d a H (24) 



C. The Equations of Motion 

We now look at the equations of motion. Away from the M5-brane, we can look at the 
vacuum equations of motion, which for the gauge fields is 

o fiivpa _ _ 1 _ vpaabcdefgh f _ _f _ _ (0K\ 
U V>J — 2 (24) 2 JabcdJefgh l Zd ') 

We can now substitute the field strengths found above into these equations. Remarkably, 
all the equations of motion collapse to the equations 

d a (<f> a ) ~ ^d 6 X - U^l = (26) 

and 

d 2 a (H) + dl(HX) = (27) 
When we include sources, we need to modify the second equation. Defining 

dl{H) + dl{H\) = d,Q (28) 

we have 

^7-^8910 — 08-^7910 + <9 9 F a7810 — d w F a78g ~ <9a^78910 = 9 a Q (29) 
+ ^/^^^fABCuhFGH = 9aQ ~ UfaQ (30) 

d, (d»G»™ + ^/ lu ^ b ^f A scnfEPGH) = -dlQ (31) 

Q thus parametrizes the perturbation of the original M5-brane due to the addition of 
the M2-brane. 
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D. Linearized analysis 



At the linearized level, we can drop the terms involving 0. If we then take 

d,G^ + ^/^^^fABCnfEPGH = S(x a )5(xe)h 01a (32) 
i { 5 i (x a )5 A (x a ), xq > 0; 

a ^016 i 1 M6ABCDEFGH f r J v ' v y ' /oo\ 

U ^ (J o J ABCDJ EFGH ~ \ \°°) 

2 -( 24 ) 1 0, else, 

the above equations are satisfied provided 

d a h 01a = S(x a ) (34) 

In other words, we have a gauge field strength on the M5-brane corresponding to the 
field of an electric charge on a line at x a = 0. Also, we have a membrane (the source for 
Aqiq) extending along the positive xq axis. This is exactly the configuration of a M2-brane 
ending on an M5-brane. 

At the linearized level, the equations fl24D , (|26|) and fl28[) also simplify to 

d 6 (H<p a )=d a H (35) 
d a (#0 a ) = a 6 A (36) 
d 2 a (Hcp a ) + d a d 6 (HX) = d a Q (37) 

which can be simplified to the linear equation 

1 f $ 4 {Xa)5 A {Xa)i Xa > 0: 

°« 1 0, else. 

More generally, we have multiple M2 branes ending at different points on the M5-brane. 
The general solution, at the linear level, is then 



X = J dx'K(x,x')p(x') (39) 
where we have introduced the Green's function K, satisfying 

(H d 2 a + dl + d 2 a )K(x, x') = 8{x - x') (40) 



Hq is the harmonic function describing the M5-branes without the M2-branes and p(x') is 
the membrane source density. 

The full nonlinear solution no longer has pointlike sources. The source Q is now a 
nontrivial function of x a and xq, and even the identification of Q as a worldvolume field is 
a little problematic. 

However, at long distances from the M2-branes, the linearized analysis still applies, since 
A is small. Also, very close to any M2-brane, where A diverges, the solution (^) should still 
apply, since the effects of the membrane dominate. 

At the nonlinear level, we can then say that A is a solution to the equations ([24|), (|26|) 
and fl28|) , subject to the condition that 



both when A is small or when it is very large. This is expected to completely specify the 
solution, although we cannot explicitly solve the equations. 



1. One might ask why one needs to look at the equations of motions at all. After all, once 
we impose the constraint (|24]) , we have a solution that is supersymmetric. It is well known 
that a solution preserving a supersymmetry should also satisfy the equations of motion. 

The point is that imposing the supersymmetry constraints does not completely specify 
the sources. The M2-branes along xo,xi,xq, and the M5-branes along Xq, x%, X2, X3, X4, x§, 
preserve the supersymmetries (|7|). But one can also add M5-branes oriented along 
xo, xi, X7, xg, xg, Xio without breaking any more supersymmetries. The equation fl26|) pre- 
cisely sets the number of these M5-branes to zero, so that we have the sources we started 
with. 

2. The second equation ( pS| ) determines the positions of the M5-brane and M2-brane 




(41) 



E. Comments 



sources. 



8 



One expects on physical grounds that the M5-branes should not deform in the x a direc- 
tions. In this case, one should find that Q = <5 4 (x Q )Qi(x a , x 6 ). 

It is however not clear how to show that the differential equations (0), (|26|), ( p8|) are con- 
sistent with this expectation. One could, in principle, worry that when one tried to integrate 
in the equations from x a = oo, one gets a singularity away from the origin. The solution 
would then be valid only outside this region (somewhat like the enhancon phenomenon [|18|] ). 
It would be extremely surprising (at least to this author) if such a phenomenon should occur 
in this system, so we shall assume that in fact, Q = S 4 (x a )Qi(x a , xq). 



F. Summary 

The solution for M2-branes ending on M5-branes is given by the metric ([23] 



ds 2 = X 3H 3 (-dxl + dx\) + As H 3 [dx\ + dx\ + dx\ + dxl) 

+\^H%(dx 2 + dxl + dxl + dx 2 l0 ) + \~%H%(dx 6 + 4> a dx a ) 2 (42) 

The field strengths are given in equations (8)- (16). 

We also have the equations (24), (26), and ( ^8|) which determine the parameters 



d 6 (H<j) a ) = d a H (43) 
d a (0a) - ^d 6 X - \d^ 2 a = (44) 
d 2 a (H)+d 2 (H\) = S\x a )d 6 Q (45) 

where Q is a function of x a , xq. 

Far away from the M2-branes, we have the boundary condition 

H^H (P a ^0 A^l (46) 

The first linear perturbation in A is 

A = / dx'K(x, x')p(x') + 1 (47) 



9 



where p(x') is the membrane source density, and K(x, x') is the Green's function satisfying 

(H d 2 a + d 2 + %)K(x, x') = 6{x - x') (48) 

where H is the harmonic function describing the M5-brane background without the M2- 
branes. Furthermore, A is expected to behave as the above equation ( fT7D in regions where 
A diverges. 

The system of equations (p4|), (|26|) , and (p8|) can further be simplified to the following 
equations 

H(f> a = d a d 6 r (49) 
H = d\r (50) 
A = d 2 a r - H<j? a (51) 

where the function r satisfies the nonlinear differential equation 

d 2 a r + dlrdlr - (d a d 6 r) 2 = 6 4 (x a )±-Q (52) 

III. STRINGS ENDING ON DP-BRANES 

We can carry out a very similar analysis for strings ending on Dp-branes. We shall take 
the Dp-branes oriented along the directions x ..x p , the string is oriented along x , x 9 . 

The Killing spinors preserved by this configuration are given by e = (gl( j 4: )eo, where eo is 
a constant spinor satisfying 

7°% = Vieo (53) 
7 01 "% = V2t (54) 

where ^1,772 are constants. 

The Killing equations can be written in the generic form 

wf lab e + (a G G^ abl ab + b G G ahcl f c )t + K# Mai .. ap _ 27 a — 2 + buHa^^-^e 

+ (a^a 1 ..a p 7 ai " ap + b F F ai .. apl a ^)e = (55) 
10 



The metric components are found by noting that the diagonal components are the prod- 
ucts of the corresponding component in the metric of the string and the p-brane metric (i.e. 
9u — 9ii tVmg ^ 9if~ brane * ) ■) (We will work in the string frame) 



e o5 = A 5# i 



_ i 

e ll = e 22 = •• = e PP = H 4 

l l 



e 9§ = \-*H* (56) 



e (p+l)(p+l) ~ •• ~ e 88 - Hi 

In addition, we have an off diagonal component. 
The dilaton is 

= X-^H- 2 ^ (57) 

The equations for the field strengths are then (all indices are tangent space indices) 

(a G r h )G 019 = -w 2 2 1 -w° 1 (58) 

(a Gm )G 098 = w° 8 -wj 8 (59) 

(a G Vi)Goi8 = wl 9 (60) 

{aiirii r l2)e 4) H 9 2..p = -wf (61) 

(a^i%)e^ 8 2.. P = \wf (62) 

(a H r ]im )et'H 1 .. p = ^(w?-w° 9 ) (63) 

(a F rj 2 )e*F 801 .. p = wf (64) 

(a F r) 2 )e*F 8902 .. p = -w 1 , 9 (65) 

(a^)e^ 90 i., = ^K 09 + <) (66) 

The equations relating the various parameters are 
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d 9 (H<j) a ) = d a H (67) 
H- 1 d 9 X + ^d 9 ( ( pl) = d a( p a (68) 
d 2 9 (HX)+d 2 a (H) = 6(x a )d 9 Q (69) 

which can be simplified in terms of a single function r 

H = dlr (70) 

H(f> a = d a d 9 r (71) 

A = d 2 a r - H<t? a (72) 

where r satisfies 

dlr + d 2 9 rd 2 a r - (d a d 6 r) 2 = 6(x a )±Q (73) 

09 

which is the same differential equation as in the previous section. 

IV. OPEN QUESTIONS 

We have reduced the construction of intersecting brane systems to solving a single non- 
linear partial differential equation. Much of the physics is contained in the solution to this 
equation, which, unfortunately, we have been unable to find exactly. It would be useful to 
be able to extract some information from the equation, for instance, to know whether it 
admits multiple solutions in some cases. 

There are several potential applications of these solutions. By the AdS / CFT correspon- 



dence |19| , some of these solutions can be mapped to configurations in strongly coupled 
gauge theories. For example, the solution for k D-strings ending on N D3-brane is dual to 
a configuration of k monopoles in SU(N) M = 4 Yang-Mills theory. We can then extract 
quantities like the quark monopole potential etc. in this limit. 

Similarly, these configurations, can be used to construct supergravity duals for any gauge 
theory that can be engineered by putting branes on orbifolds. These include pure M = 2 
gauge theories and Af = 1 gauge theories. One can also study solitons in these theories. 
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One very interesting open question is to find the near extremal solutions. It is, of course, 
not possible to use the supersymmetry equations there, but the solutions found here should 
be a useful starting point to get the nonextremal solutions. Such solutions would give us 
information about the thermodynamics of theories with less supersymmetry. 
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